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HERMITE-HADAMARD TYPE INEQUALITIES FOR 
HARMONICALLY (a,TO)-CONVEX FUNCTIONS VIA 
FRACTIONAL INTEGRALS 

MEHMET KUNT AND IMDAT i§CAN 


Abstract. In this paper, some Hermite-Hadamard type inequalities are es¬ 
tablished for harmonically (q, m)-convex functions via fractional integrals and 
some Hermite-Hadamard type inequalities are obtained for these classes of 
functions. 


1. INTRODUCTION 

Let / :/ cM—>-IRbea convex function defined on the interval I of real numbers 
and a^b G I with a <b. The following inequality is well known in the literature as 
Hermite-Hadamard integral inequality for convex functions 


/ 


a+_b\ 

) 


1 

< - 

b — a 


f (x) dx < 


/ (g) + / (6) 

2 


( 1 . 1 ) 


Both inequalities hold in the reversed direction if / is concave. Note that, some 
of the classical inequalities for means can be obtained from appropriate particular 
selections of the mapping /. For some results which generalize, improve and extend 
the inequalities (HH) we refer the reader to the recent paper m-E and references 
therein. 

In [T], I§can gave definition of harmonically convex functions and established 
some Hermite-Hadamard type inequalities for harmonically convex functions as 
follows: 


Definition 1. Let I C M\ {0} be a real interval. A function /:/—>• K is said to 
be harmonically convex, if 

f ( fa + (T-f)„ ) S V(») + (!-<)/ W (1-2) 

for all x,y £ I and t £ [0,1]. If the inequality in (II.2p is reversed, then f is said to 
be harmonically concave. 


Theorem 1. [T]. Let / : J C ]R\ {0} —>■ R 6e a harmonically convex function and 
a,b £ I with a < b. If f £ L [a, b] then the following inequalities hold: 


f 


2ab 

a-£b 


< 


ab 
b — c 




x^ 2 

Theorem 2. [I]. Let / : / C (0, oo) —>■ M &e a differentiable function on 1°, a,b £ I 
with a < b, and f £ L [a, b]. If |/'|'^ is harmonically convex on [a, b] for q > 1, then 

/(«) + / (b) ab f (x) 


6-1 


-dx 
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< [a 2 ir (a)r+ a 3 I/' (6)r] . 


(1.3) 


where 


Ai — 


A2 — 


A.3 — 


1 

O'b (5 — a) 
-1 


2 ( {a + by 

In ' 


4a6 


b(b-a) {b-af 
1 36 + a 


3a + 6 / (a + 6 ) 

In 


,(b — a) (5 — ay 


In 


4a6 


(a + bf 
4ab 


— Ai — A2 


Theorem 3. [T]. Let f : I C (0, 00) —>■ M 6 e a differentiable function on 1°, a,b € I 
with a < b, and f £ L[a, 6 ]. If \f'y is harmonically convex on [a, 6 ] for q > 1, 
i i = 1 , then 


/(a) + /( 6 ) ab f (x) 


b- 


dx 


a In x^ 




11/9 


p + i. 


(1.4) 


where 


Ml = 


M2 = 


[a 2-29 ^ 51-29 [(5 - a) (1 - 2q) - a]] 

2{b - af {I - q) {I - 2q) 
[ 52-29 _ q 1-29 [(5 - a) (1 - 2q) + 6 ]] 


2 ( 6 - 0 ) (l-g)(l- 2 g) 

In [5], Miha§en gave definition of (a, TO)-convex functions as follows: 


Definition 2. The function / : [0, 6 ] —>■ R, 6 > 0, is said to be {a, m)-convex where 
(a, m) £ [ 0 , 1 ]^, if we have 

f (tx + m{l- t) y) < t°^f (x) +m{l-t°‘)f (y) 
for all X, y £ [0, 6 ] and t £ [0,1]. 


It can be easily that for (a, m) £ {(0, 0), (a, 0), (1, 0), (1, to) , (1,1), (a, 1)} one 
obtains the following classes of functions: increasing, a-starshaped, starshaped, 
TO-convex, convex, a-convex. 

For recent results and generalizations concerning (a, TO)-convex functions we 
refer the reader to paper m-m and references therein. 

In [Q, I§can gave definition of harmonically (a,TO)-convex functions as follows: 

Definition 3. The function f : (0, 6 *] —>■ R., 6 * > 0, is said to be harmonically 
{a,m)-convex, where a £ [0,1] and m £ (0,1], if 

f ( „(„)"7-t)J - M + ” (1 -f (»> (I-S) 

for all X, y £ (0,6*] and t £ [0,1]. If the inequality in (II.Sp is reversed, then f is 
said to be harmonically {a, m)-concave. 


Note that (a,m) £ {(I, to) , (1,1), (a, 1)} one obtains the following classes of 
functions: harmonically m-convex, harmonically convex, harmonically a-convex 
(or harmonically s-convex in the first sense, if we take s instead of a). 
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We recall the following inequality and special functions which are known as Beta 
and hypergeometric function respectively 

P (x, y) = ^ = f (1 - dt, x,y>Q, 

r (a; + y) 

2 Fi{a,b-,c;z) = — -r- ( (1 - (1 - zt)““ dt, 

P{b,c- b) Jo 

c > 5 > 0, l^l < 1 (see [13]). 

Lemma 1. [2], [T5] . For 0 < 0 < 1 and 0 < a < b we have 
\oP — ^^1 < {b — aY . 

Following definitions and mathematical preliminaries of fractional calculus the¬ 
ory are used further in this paper. 

Definition 4. Let / S L [a, 6]. The Riemann-Liouville integrals J^_^f and J^_f of 
order 0 > 0 with a > 0 are defined by 

’^a+fix) = Y^J f{t)dt, x> a 

and 

Jb-f (x) = J {t- xf~'^ f (t) dt, x<b 

respectively, where T is the Euler Gamma function defined by T (9) = e~*t^~^dt 

and J°+/ (x) = J^_f (x) = fix). 

Let / : / C (0, cxd) — >• R be a differentiable function on 1°, throughout this paper 
we will take 


/(«) + /W ri0 + l)/ abV 

Ifi9,0,a,b) - -^- ^[b^) 

X {di/a- if ° g) (V&) + Ji/b+ if ° g) (i/a)} ■ 

where a,b € I with a < b, 9 > 0, g ix) = 1/x. 

In [7] , the authors represented Hermite-Hadamard’s inequalities for harmonically 
convex functions in fractional integral forms as follows: 

Theorem 4. Let f : I C (0,oo) —R &e a function such that f € L [a, 6], where 
a,h € I with a < b. If f is a harmonically convex function on [a, 6], then the 
following inequalities for fractional integrals hold: 

/ 2ab \ r(0 + l) / ab y I JiV_(/og)(l/6) ] ^ f ja) + f jb) 

^\a + bj- 2 I +JiV(/og)(l/a) J - 2 

with 9 > 0. 


In |7], the authors gave the following identity for differentiable functions. 


Lemma 2. Let / : / C (0, oo) —>■ R &e o differentiable function on 1° such that 
f' G L [a,b], where a,b G I with a < b. Then the following equality for fractional 
integrals holds: 


ab (6 — a) 


lo ita + il-t)b) 


r/' 


ab 


If ig-,9,a,b) 


2 


ta+ il — t)b 


dt (1-6) 
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Remark 1. The identity (11.61) is equal the following one 


If {g\9,a,b) 


ab jb - a) {1 - tf - t^ , / ab \ 

2 Jo {tb + (1 — t) a)"^ \tb+{l—t)a) 


(1.7) 


Because of the wide application of Hermite-Hadamard type inequalities and frac¬ 
tional integrals, many researchers extend their studies to Hermite-Hadamard type 
inequalities involving fractional integrals. Recent results for this area, we refer the 
reader to paper H, m-m and references therein. 

In this paper, we aimed to establish Hermite-Hadamard’s inequalities for har¬ 
monically (a, m)-convex functions via fractional integrals. These results have some 
relations with [T]. 


2. MAIN RESULTS 

Theorem 5. Let / : / C (0, oo) —>■ K. 6 e a differentiable function on 1°, a, b/m G 1° 
with a < b, m G (0,1] and f G L\a,h\. If \ f'\‘^ is harmonically (a,m)-convex on 
[a, b/m] for some fixed q > \,with a G [0,1], then 


jlf (g;9,a,b)l < 


ab(b-a) i_i/g 
-^-<Ti (b;a,b) 

X [C 2 (9; a; a, b) \f' (a)|« + mCo {9; a; a, b) \f (b/m)]’^] (2.1) 


where 


2 Fi( 2,0 + l ;0 + 2 ;l-f) 
+ 2 Fi( 2 ,l ;0 + 2 ;l-f) 


Ci{9;a,b) = 


-f 1 


C 2 {9\a; a, b) 


/3(0+l,a+l) 

2 

I 6 ” 


e+a +1 


2Fi{2,9 + l;9 + a + 2;l- 
2 Fi( 2 ,l ;0 + a + 2 ;l-f) 


b) 


C 3 {9-,a-,a,b) 


Cl (0; a, b) — C 2 {9; a; a, b) . 


Proof. Let At = tb + {1 — t) a, = ua + {1 — u) b. Since \f'\'^ is harmonically 
(a, m)-convex, using (HH) 


f 



Q 


r 


ab 


tb+ [1 —t)a 


f 


: {b/r 


mt [b/m] -I- (1 — t) a 


< C\f'{at+m{l-n\f'{b/mt 


(2.2) 
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From (IE7D, using the property of the modulus, the power mean inequality and 
(E3), we find 


\If {g;0,a,b)\ < 


ab{b — a) 


{l-tf -t® 


< 


< 


2 Jo 

ab {b — a) (1 — t)^ + 

2 Jo 


, f ab^ 


dt 


A} 


ab {b — a) ( (1 — t)^ + 


f (— 

^ ' At 
1-1/9 


dt 


A? 


dt 


(1 -t)® 


A^ 


f ab'^ ^ 

, At 


1/9 


dt 


< 


ab{b — a) I f (1 — t) +/' 


1 /I \ 


A^ 


■dt 


(fo If (a)r 

(fo (1 - ^“) If' 

calculating following integrals, we have 

u" + (1 — u)^ 




A? 


-dt = 




du 


6-2 r 2Fi(2,0 + l;0 + 2;l-f) 
+ 2Fi(2,l;0 + 2;l-f) 


I 




A^ 


t°‘dt = 


B + 1 

= Ci{9;a,b) 

f u^ + {l-uf 

Jn 


(1 — u)°‘ du 


1/9 


(2.3) 


(2.4) 


2Fi(2,0 + lf+ a + 2;l-f) 
+ 9+a+i 2.6"! (2,1; 6 + a + 2; 1 - f) 

= C 2 {O', a; a, b) 


(2.5) 


Jo Jo Jo 


rdt 


= Cl {9; a, b) — 02 ( 0 ] a] a, b) 

= Ca ( 6 »; a; a, 6 ) 


( 2 . 6 ) 


Thus, if we use (I2.4p - (I2.6I) in (12.31) we get the inequality of (12.11) and this com¬ 
pletes the proof. □ 


Corollary 1. In Theorem 5, 

(a) If we take a = 1, m = 1 we have the following inequality for harmonically 
convex functions: 

\If {g;e,a,b)\ < (6>; a, 6) 

X [C 2 {9- 1; a, 6 ) |f (a)^ + C 3 (0; 1; a, 6 ) |f ( 6 )^] , 
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(b) If we take a = 1 we have the following inequality for harmonically m-convex 
functions: 

\If{g;e,a,b)\ < (0; a, &) 

X [C '2 (6»; 1; a, b) \f' (a)|® + mC^ {9; 1; a, b) \f' {b/m)\'^] , 

(c) If we take m = 1 we have the following inequality for harmonically a-convex 
functions: 


\If{g;e,a,b)\ < (0; a, 6) 

X [C 2 {9; a; a, b) \f' (a)|« + Cg {9- a; a, b) \f' (6)1"] . 

When 0 < 0 < 1, using Lemma 1 we shall give another result for harmonically 
(a, m)-convex functions as follows: 


Theorem 6 . Let / : / C (0, oo) —R 6 e a differentiable function on 1°, a, b/m G 1° 
with a < b, m G (0,1] and f G -L[a, 6 ]. If |/'|" is harmonically (a,m)-convex on 
[a, 6 /m] for some fixed q > \,with a G [0,1], then 


llf(g;9,a,b)l < (0; a, 6 ) 


X [Cs (9; a; a, 6 ) \f' (a)|" + mCe ( 6 ; a; a, 6 ) |/' ( 6 /m)|"] (2.7) 


where 0 < 9 < 1 and 


C 4 {9; a, 6 ) = 


2i"i(2,l;6 + 2;l-f) 

-1^ 2i^i(2,0 + l;6 + 2;l-f) 

2Fi(2,0 + l;0 + 2;f^) 


C 5 {9;a;a,b) = 


^ 2i",(2,l;0 + a + 2;l-f) 

_ ff(e+i,^+i) ^^^(2,0 + l;6 + a + 2;l-|) 
2Fi(2,0 + l;6 + a + 2;|^) 


Cq {9; a; a, 6 ) = C 4 {9; a, 6 ) — C 5 {9; a; a, 6 ). 
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Proof. Let At = tb + {1 — t) a, = ua + {1 — u) b. From (11.71) . using the power 
mean inequality and (12.211 . we find 


\lf{g;0,a,b)\ < 


< 


ab{b — a) 


ab {b — a) 


(1-tf 


A? 


cl ( 



{l-tf 


, At 
1 - 1/9 


dt 


A} 


dt 


(1 - tf - f 


1/9 


A^ 


/ f 



< 


ab {b — a) 


( 


{\-tf 


dt 

1-1/9 


A^ 


dt 




^ yfo ^ (1 - ^“) dt^ I/' (Vw)l'^ ^ 




1/9 


( 2 . 8 ) 


calculating following integrals by Lemma 1, we have 


{l-tf -t® 


Al 


ri/2 


dt = 


{1-tf -t^ 


r-i 


A^ 


•dt -\- 




112 A^ 


dt 


'■1 - (1 -t) 

1 W 


9 


■dt 2 


ri/2 


6 ,0 


(1 - ty - 1 ' 


■dt 


< 


{i-tf (i-2t) 


/o A^ 


dt — 


Al 


dt 2 


A^ 


-dt 


lo Bl 

lo Bl 


du — 


du — 


B2 


du + 


(1-u)^ 


'd Jo {^b+{l-^)ay 


Tdu 


'o Bl 


du 


+ / u" 


'■1 ^a + b^~^ 


1 — u 


b — a 
b + a 


dv 


,Fi(2,l;0 + 2;l-f) 

-1^ 2i^i(2,0 + l;0 + 2;l-f) 

+ (^)''5TT 2Fi(2,0 + l;0 + 2;f^) 


= Ci ( 0 ; a, b) 


( 2 . 9 ) 
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and similarly we get 


{l-tf 


A} 


edt < 


■dt — 


rl ^9+c 

lo 

r a-u) 


i 




A^ 


-dt + 2 


AI 


dt 




ri 




-du — 


u^l-uf 




du 


lo (|6+(l_H)a)^ 
(i-u) 


+ 


rdu 


0 + Q; 


rl .,0 


^2 

■^u 

-2 


-du — 


u<^ii-uy 

B^ 


+ 


(^) r 


(1-^)“ 1- 


du 


b — a 
6 + 0 


-2 


dv 


^ ,^^,(2,l;0 + a + 2;l-f) 

_ 0i9+i^+i) ^^^(2,6 + l;0 + a + 2;l-f) 

. +gSy^ 2Fi(2,0 + l;0 + a + 2;f^ 

Co {6;a;a,b) 


( 2 . 10 ) 


r 

{i-tf -t^ 

0^ 

A! 


(1 — t“) dt 


r 

{1-tf -t^ 

■dt — 

f\ 

(1 -t)^ -t® 

Jo 

A! 

_ 0 

Al 


C 4 (0; o, 6) — Co { 0 \ a; o, 6) 
Ce (6; a; o, 6) 


-Cdt 

( 2 . 11 ) 


Thus, if we use (I2.9I) - (I2.11I) in (12.8p we get the inequality of (12.711 and this completes 
the proof. □ 


Remark 2. If we take 9 = 1, a = l,m= \ in Theorem 6 , then inequality (12.71) 
becomes inequality (ESI) of Theorem 2. 

Corollary 2. In Theorem 6 , 

(a) If we take a = 1, m = 1 we have the following inequality for harmonically 
convex functions: 

\If{g; 9 ,a,b)\ < ^Hb-a) 

X [C5 (6; 1 ; a, b) \f (o)^ + Cg ( 0 ; 1 ; a, 6) \f (6)^] , 

(b) If we take a = 1 we have the following inequality for harmonically m-convex 
functions: 

\Ifig;9,a,b)\ < (0; o, 6 ) 

X [Co [ 9 - 1 ; a, 6) |/' (a)|'' + mCg ( 0 ; 1 ; o, 6) |/' (6/m)r] , 

(c) If we take m = 1 we have the following inequality for harmonically a-convex 
functions: 

06(6-0) i_i/, 

- - - 64 '^{9;a,b) 

X [C5 ( 0 ; a; o, 6) \f (o)^ + Cg ( 0 ; a; o, 6) |/' ( 6 ) 1 "]. 


|//(g; 0,0, 6)1 < 


































Theorem 7. Let / : / C (0, cx)) — >■ K. 6e a differentiable function on 1°, a, h/m € 1° 
with a < b, m € (0,1] and f G L\a,h\. If \ f'\‘^ is harmonically (a,m)-convex on 
[a, b/m] for some fixed q > l,with a € [0,1], then 


t n LM / a{b-a) ( 1 (\f'+ ma\f'{b/m)\‘^\^'‘^ 

\If{9AaM\ < -j 

2FI/^ (2p,0p+l;0p + 2;l-f) 


+ 2Ff^^{2pA-Op+ 2-1-1) 


( 2 . 12 ) 


where ^ ^ = 1- 


Proof. Let At = tb + {1 — t) a, = ua + {1 — u) b. From (11.71) . using the property 
of the modulus, the Holder inequality and (12.21) . we find 


\lf{g; 0 ,a,b)\ < 


< 


< 


ab (6 — a) 


ab {b — a) 


/o Af 


, f 

Uty 




^ t^ f ab' 


f — 

^ ' At, 


dt 






ab {b - a) ^ ^ |/' (a)r + wa|/' (6/m)|'^ ^ 


calculating Ki and K 2 we have 

b-^p 


r-i y^ep 


Ki= -^du = 

Jo bI 


Bfp- ep + 1 


2Fi(2p,0p+l;0p + 2;l-f) 


(2.14) 


/■l (I — y]^P 1,-‘2P 

= /„ 4?^"“ = 5FTT 


(2,15) 


Thus, if we use (I2.14F(I2.15I) in (12.131) we get the inequality of (12.121) and this 

completes the proof. □ 

Corollary 3. In Theorem 1, 

(a) If we take a = 1 , m = 1 we have the following inequality for harmonically 
convex functions: 

2 . . a{b-a) ( 1 («)!’ + !/' 

\If{9-.e.a,b)\ < ^- ) 

2FI^p (2p,0p+l;0p + 2;l-f) 

+ 2Fi/'’(2p,l;0p + 2;l-f) 
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(b) If we take a = 1 we have the following inequality for harmonically m-convex 
functions: 


\If {g-,e,a,b)\ < 


{h-a)( 1 y/yi /' (a)|^ + m|/'(5/m)|y /^ 


2h + 1 y 

2 ^/^ (2 p,0 p+l;0p + 2;l-f) 

+ 2FI'^ {2p,l-Op+ 2-1-fi 

(c) If we take m = 1 we have the following inequality for harmonically a-convex 
functions: 


\If {g;e,a,b)\ < 


.{b — a) 


2b 


1 


Op+1 


y(.ar + a\nb)y 


1/9 


2 FI^p (2p,0p+l;0p + 2 ;l-f) 


+ 2y^y2p,l;0p + 2;l-f) 


Theorem 8. Let / : / C (0, oo) —>• R. 6 e a differentiable function on 1°, a, b/m € 1° 
with a < b, m € (0,1] and f G L[a, 6]. If \f'\‘^ is harmonically (a,m)-convex on 
[a, b/m] for some fixed q > \,with a € [0,1], then 


\If (g]9,a,b)\ < 


a{b — a) f 1 


2 h 


9p+l 


\ i/p 


1 


a + 1 


\ 1/9 


+m 


2Fi(2q,l;a + 2;l-f) |/'(a)|« 

■ (o + l) 2Fi(2g,l;2;l-|) 

- 2Fi(2g,l;a + 2;l-f) 


|/'( 6 /m)|^ 


(2.16) 


where p + ^ = 1- 


Proof. Let At = tb + (I — f) a, Bu = ua + {1 — u) b. From (II.7L using the Holder 
inequality, Lemma 1, and (EJ), we find 



calculating following integrals, we have 

(2.18) 


Jo Af‘^ 


-dt ■■ 


^ {I - ^-29 

2Fi{2q,l;a + 2-, 


1 -f) 


(2.19) 
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I _fo 




-dt = 


lo B: 

6-29 


a + 1 


2 ^ di = 6-29 2i^i(2g,l;2;l-f) 

U 

2Fi(2g,l;a + 2;l-f) (2.20) 


Thus, if we use (I2.18|) - (|2.20|) in (j2.17l) we get the inequality of (12.161) and this 
completes the proof. □ 


Remark 3. If we take 9 = 1, a = l,m = l in Theorem 8, then inequality (12.161) 
becomes inequality (EH) of Theorem 3. 

Corollary 4. In Theorem 8, 

(a) If we take a = 1, m = 1 we have the following inequality for harmonically 
convex functions: 

i/p 


ir / 7 \i aib — a) f 1 

l/(5;,a, )| < 21 + 1 / 9 & V^P+1/ 


2T^i(2<7,l;3;l-f) |f(a)| 
2 27Fi(2g,l;2;l-f) 

- 2Fi(2(7,l;3;l-f) 


q \ 1/9 

l/'Wr 


(b) If we take a = 1 we have the following inequality for harmonically m-convex 
functions: 

ijp 


IT/ /, .M aib — a) f 1 

< 2W/<ib V^p+l 


2Fi(2<7,l;3;l-f) |f(a)r 


1/9 


|/'(6/to)I'^ 


XI 2 2Fi(2g,l;2;l-f) 

- 2Fi(2g,l;3;l-f) 

(c) If we take m = 1 we have the following inequality for harmonically a-convex 
functions: 

1/9 


I , a{b — a)f 1 \ 


1 


0+1 


2Fi(2g,l;a + 2;l-f) |/'(a)| 
(a + 1) 2Fi(2g,l;2;l-f) 

^ [ - 2Fi(2g,l;a + 2;l-f 


9 \ 1/9 

If Wl’ 


Theorem 9. Let / : / C (0, 00 ) ^ R 6e a differentiable function on 1°, a, b/m G 1° 
with a < b, m € {0, 1] and f G L [a, 6]. If \f'\‘^ is harmonically iot,m)-convex on 
[a, b/m] for some fixed q > l,with a G [0,1], then 


\If ig;9,a,b)\ < 


ab [b — a) 


1 \ f If ia)\‘‘ + ma |/' 


2(i/p)-i(a+&)^ v^p+iy V «+l 

2/Fi(2p,0p+l;0p + 2;|^) 1 

+ 2Fi(2p,dp+l;dp + 2;f^) 


( 2 . 21 ) 


where p + ^ = 1- 
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Proof. Let At = tb + {1 — t) a. From (11.71) . using the Holder inequality, Lemma 1, 
and (EH), we find 


\If{g;e,a,b)\ < 


ab {b — a) 


{l-tf 


A} 


, , ^ 
^ 'a* 


dt 


< 


< 


< 


ab {b — a) |1 — 2 tf 


A^ 


/ f 



ab {b — a) ( |1 — 2 t\ 


2 \Jo A^/ 

ab {b — a) ( |1 — 2 t\ 


f'A. 

9p \1/P 

-dt 1 


dt 


0 


^ {At, 


' \ 
dt ) 


0 p 


ijp 




-dt 


t 

1 \ 1/9 

X ( / t“|r(a)r+m(l-t“)|/'(5/m)rdt 


ab {b — a) 


Af^il-2trdtf^ 




/i/2 A^/ 


\f (a)|'^ + TOa|/'(b/m)|- 

a + 1 

calculating following integrals, we have 

r^/^{l-2tf^ _ 1 

Jo AfP * ~ 2 J 0 (H6+(i_|)a)2p 


( 2 . 22 ) 


du 


(a + b) 


-2p „1 


2l-2p 


1 _ , 


b — a 
6 + a 


-2p 


dv 


(a + b) 


-2p 


2i-2p (Op+i) 


2Fi(2p,0p+l;0p + 2;f^) (2.23) 


(2t-l) 


Dp 


I 1/2 A? 


-dt = 


(u- 1) 


ep 


h (p+(l-|)a) 


2p 


du 


{a + b) 


-2p pi 


2l-2p 




a — b 
6 + a 


-2p 


dv 


{a + b) 


-2p 


2Fi(2p,9p+l;9p + 2-,f^) (2.24) 


2i-2p (6)p + 1) 

Thus, if we use (12.231) - (12.241) in (12.221) we get the inequality of (12.211) and this 
completesF the proof. □ 

Corollary 5. In Theorem 9, 

(a) If we take a = 1, m = 1 we have the following inequality for harmonically 
convex functions: 

1 \'/vi/'(«)i'+i/'(&)r'^’ 


\Ifi9-Aa,b)\ < 71 

^ 2(i/p)-i(a + 6)H^P+ly V 

2 F 1 (2p,0p+l;0p + 2;f^) 

F 2T’i (2p,9p-\-l-9p-\-2; 


a—b 

b-\-a 


2 

i/p 
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(b) If we take a = 1 we have the following inequality for harmonically m-convex 
functions: 


\If {g;e,a,b)\ < 


ab (b — a) 
2(i/p)-i {a + bf 


_J_\ / 1/' (a)|'^ + m|f (6 /to)|'^ 

ep+lj ^ 2 


2 F 1 (2p,0p+l;0p + 2;f^) 

+ 2 F,( 2 p, 0 p+l; 0 p + 2 ;^) 


i/p 


1/9 


(c) If we take m = 1 we have the following inequality for harmonically a-convex 
functions: 


\lf{g;0,a,b)\ < 


ab{b-a) f 1 y/" n_f^afl + a\f^ 

2(i/p)-i (a + 5)^ +1/ V « + l 


2F1 (2p,0p+l;0p + 2;f^) 
+ 2^"i ^2p, 0 p +l\0p + 2; 


1/p 


1/^ 
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